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A tight-binding formalism is presented for the calculation of the excitation energies and oscillator strengths
for low-lying excitations, and of the ground-state polarizabilities, of substitutional impurities in rare-gas
solids. The formalism is applied to hydrogen- and lithium-atom impurities in solid neon and in solid argon

at 0°K, and numerical results are presented.

I. INTRODUCTION

ARLY theoretical studies!? of the optical spectra of
nonmetallic solids concerned tightly bound ex-
cited states which were approximated by the use of
zero-order atomic wave functions, assumed not to over-
lap with the surrounding electronic charge clouds of
neighbors. This picture proved to be valuable in inter-
preting qualitative features of observed absorption
spectra of pure solids. Similarly, experience with the
absorption spectra and luminescence in impure solids
indicated that many luminescent centers could be quali-
tatively understood in terms of the atomic states of the
impurity?® and an attempt was made, in the spirit of the
tight-binding approximation, to include some of the
impurity-neighbor interactions for the TI+ impurity in
KClL.48
During this period the technique of symmetric orthog-
onalization was developed®™® in connection with the
calculation of cohesive energies of ionic crystals. This
is a technique for introducing corrections to the zero-
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order (atomic or ionic) wave functions due to nonzero
overlaps with charge clouds on neighboring atoms; it
accounts in a systematic way for the changes in normali-
zation of the pseudoatomic functions. The corrections
are expressed in terms of overlap integrals S, between
wave functions ¢, and ¢; centered on neighboring atoms
(or ions). A sufficient condition for convergence is
25| Sas] L¢g<1 for all a. The method uses a series ex-
pansion in powers of .S, and the series is convergent only
if the overlap integrals are small.’ In most applications
to crystal theory, the overlap integrals are, unfortu-
nately, not small, and one has to include higher than
first-order (in.S) terms in a realistic calculation (if indeed
the series is convergent at all) of properties of condensed
systems. An S? calculation (that is, a calculation in
which terms involving overlap up to second order are
retained) is feasible, but an S* calculation seems beyond
human capabilities, simply because of the number of
such terms which must be developed algebraically.
Early studies concerning impurity absorption and
luminescence were at best semiquantitative. The tech-
nique of symmetric orthogonalization provided a
method for including interactions between neighbors in
a computation of properties of condensed systems start-
ing from first principles. Early work!'—!® along these
lines from this laboratory extended the technique to in-
clude excited states of pure solid argon and of substitu-
tional argon impurities in solid neon in the hope that
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2 R. K.

the tight-binding approximation might provide a quan-
titative description of these systems in both ground and
excited states. Excited-state overlaps were large, how-
ever, and the convergence was questionable. It was sug-
gested!* that Schmidt orthogonalization would solve
difficulties with convergence, and the Ne:Ar problem
was reworked by this means with a considerably differ-
ent 3p815-3p%4s1P excitation energy of a substitutional
argon-atom impurity in solid neon, i.e., 16.89 eV rather
than the earlier value 12.11 eV.

These methods have also been applied to the calcula-
tion of ESR properties of the Ar:H system,®!6 the exci-
tation energies of substitutional hydrogen impurities in
solid argon,7-18 of Hyt in solid helium,'® and, with the
addition of charge-transfer states, in solid neon.?? At
the same time, both pure crystalline rare gases and
solid-rare-gas impurity systems were studied for their
optical?’~?% and magnetic**2¢ properties. For a light-
impurity atom, such as hydrogen,?” agreement was ex-
cellent wherever the comparison could be made. In all
these theoretical studies for impurity states, all host-
host overlaps were neglected at the outset. As a first
approximation, in some cases, the overlap of the im-
purity atom, in its ground state, with neighbors was
also regarded as negligible.

Transition matrix elements frequently are more sen-
sitive to details of wave functions than are energies. The
present work was undertaken to provide a quantitative
calculation of the #s — #'p transition matrix elements,
oscillator strengths, and ground-state polarizabilities
of impurity atoms in otherwise pure solids.

In these calculations we have included the overlap of
the ground-state wave function, as well as that of the
excited state, of the impurity atom with neighbors, cor-
rect to second order in S. For the calculation of excita-
tion energies, for example, inclusion of the overlap of the
ground state of the impurity atom does not lead to
significant corrections. In contrast, in a calculation of
the optical properties, the ground-state overlaps lead
to contributions comparable to those arising from the
excited-state overlaps, and must not be neglected.

In Sec. IT we discuss the model, in Sec. III the for-
malism, and in Sec. IV the results and conclusions.
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II. PHYSICAL DESCRIPTION OF SYSTEM

Argon and neon crystallize in a fcc system with one
atom per lattice point. Recent excellent x-ray measure-
ments of lattice constants give the nearest-neighbor
separations (extrapolated to 0°K) for pure solid argon?®
and neon?® as 7.0970a, and 5.9646a,, respectively. (Here
ao=#2/me? is the Bohr radius.) Atomic hydrogen is be-
lieved to enter solid argon both substitutionally and
interstitially?42%; in the case of hydrogen in neon, only
one trapping site has been reported and a substitutional
site was favored?®; lithium also is believed to enter solid
argon substitutionally.?® We shall concern ourselves
with the substitutional form only.

For a lighter (than host atoms) impurity atom at a
substitutional site, the nearest neighbors would be ex-
pected to relax inwards, and in an earlier calculation!’
on the substitutional Ar:H system the twelve nearest-
neighbor argon atoms were assumed to reside at a sepa-
ration of 7.0a. However, the inward relaxation of
nearest neighbors around a vacancy in solid argon is
computed®! to be only 0.017 A, and since an impurity
atom would resist even this small inward relaxation,
the relaxation magnitudes would presumably be even
smaller. Furthermore, overlap integrals and two-center
matrix elements are not expected to vary appreciably
for such small changes in atomic separations. (See Sec.
II1.) Accordingly, we have carried out our calculations
for all neighbors at their normal positions. We ignore
thermal and zero-point vibrations, and presumably
some slight error is introduced thereby. That is, the
computed oscillator strength is not constant, nor does it
vary linearly with separation; but over the range of
thermal oscillation at 4°K, the variation in excitation
energy in S and in two-center matrix elements is less
than 29, in a typical case, and errors implicit in the
Condon approximation should be negligible.

In constructing the crystal wave functions, all spin
effects are ignored and no excited states of the host
atoms are admixed. Thus, possible effects of resonance
between the 1s — 2p transition of hydrogen®” at 10.6
eV and the first discrete transition of the argon host?® at
~12.2 eV are neglected. A gap of ~1.5 eV should make
the effects of configuration interaction small in compari-
son to the errors inherent in the S? approximation.

We are not concerned here with the relaxation occur-
ring after the absorption of a photon. We would antici-
pate some Stokes’ shift®? accompanying the relaxation,
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1 SUSTITUTIONAL IMPURITIES

as well as Jahn-Teller effects,®3* but, presumably, not
nearly as pronounced as in ionic crystals. We would also
expect deviations®® from the Einstein 4-B relation to be
small.

Finally, we stipulate that the concentration of im-
purity atoms is so low that impurity-impurity interac-
tions are negligible, and for convenience we treat a large
host crystal with a single substitutional impurity.

III. FORMALISM
1. Hamiltonian

Starting with a static lattice picture, we write the
Hamiltonian for a system of an impurity atom with
atomic number Zr and host atoms with atomic number
VA A4 as

H=Y Hat+i> >
A B
A#B

e? e?

+%ZAZZZ +X 22—

Ig b !I’Aa*rsb] 4 a i ‘I'Aa*rul

24262 212462

1
IRi—Rs| 7 [R;—R4|

ZA62

AA £Bb |I'Bb—RAI

2462

(N

i ll‘u—RAl

We have adopted a double subscript notation. Pair 4a
always refers to an electron on a host atom and the pair
Ii always refers to an impurity atom electron. Lower-
case indices label the electrons and the upper-case ones
label the nuclei. Aa refers to an electron with position
vector raq, localized around the Ath nuclear site at Ry.
The first term is a sum over @/l atoms for their atomic
Hamiltonians H,.. The second and third terms are the
Coulomb interaction energies between all nuclei. The
fourth and fifth terms, the Coulomb interaction energies
between all pairs of electrons localized around different
atoms, will lead to two-center Coulomb and exchange
terms in the expression for the total energy of the crys-
tal. The sixth and the seventh terms represent the
electron—-other-nucleus Coulomb interactions and con-
tribute to the Coulomb-overlap energies.

2. Crystal Wave Function

Starting from the one-electron atomic wave functions,
we construct orthogonalized one-electron wave func-
tions using the symmetric orthogonalization technique?
for the host atomic functions and the Schmidt-orthog-
onalization technique!* for the impurity atom wave
functions. Under these transformations the properties
of the basis functions are invariant.’® We shall write

( 33 H) A. Jahn and E. Teller, Proc. Roy. Soc. (London) A161, 220
1937).

3 R. S. Knox and A. Gold, Symmeiry in Solid State (W. A.
Benjamin, Inc., New York, 1964), Chap. 17.

# W. B. Fowler and D. L. Dexter, Phys. Rev. 128, 2154 (1962);
J. Chem. Phys. 43, 1768 (1965).

36 R. K. Bhargava, thesis, University of Rochester, 1969
(unpublished).
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uncorrected wave functions for the impurity atom as
¢1; and for the host atoms as ¢4,, often abbreviated as
| Ii) and | Aa), respectively, for convenience. From these
the orthogonalized wave functions ¥7; and ¥4, will be
constructed, and often written as |7i) and |4a) for
convenience. The total crystal wave function will be
constructed from these wave functions.?

For an impurity electron in a state described by ¢ (¢
stands for a set of quantum numbers #, I, m;, o), we
write the orthogonalized wave functions ¥ r; as

Yri= 4Vi[:¢li“zA: > Sriacbaal- (2)

Here Sri,4, is an overlap integral which determines the
amount of mixing of Y4, into ¢r;, and is given by

Sli,Aa=/¢1¢(r)¢Aa(r)dr-51A5ia- 3)

N; is a normalization constant for the corrected wave
function and is given by

N;=[1 —ZA: > (Sriaa)t V2. 4)

According to the symmetric orthogonalization tech-
nique, Y4, is written as

\l/Aa=§B:, Zb: [A4S)"2]) 40, noPss. (5)

Here 1 and S are, respectively, the unit and overlap
matrices. The elements of the overlap matrix determine
the amount of mixing of other host-atomic functions
into ¢4, and are given by

SAa,Bb=/¢Aa(r)¢3b(r)dr—5A135ab- (6)

By definition we have that S4q,45= das. This simply de-
scribes the orthonormality of atomic wave functions.
The right-hand side of Eq. (5) can now be expanded
into a power series in terms of overlap integrals. Since
all host atoms are in their ground states and do not over-
lap very strongly, the convergence condition!? is easily
fulfilled for both argon and neon hosts.
Carrying out the expansion we obtain

Vaa=b4a—3 2 2 SaaBrdss
B b

+§ 2 222 SaaceSce.nepps.  (7)
C ¢

B b

We stop at terms in second order in overlap integrals.
This is an approximation, and will be referred to as the
S? approximation. Within this approximation, all terms

37 In the present work the wave functions may be chosen to he
real, and considerable simplification is obtained by making no
formal distinction between the matrix element of any real operator
and its complex conjugate.



4 R. K.

involving overlap quantities of higher than second order
will be neglected. A two-center matrix element will be
treated as a quantity of order S and a two-center ex-
change integral will be treated as a term of order S2.

For an excited state of the impurity atom, we have
an expression similar to Eq. (2). An excited-state wave
function will be denoted by a bar; hence for an excited
state of the impurity atom denoted by a set of quantum
numbers 7, we write

Yr;)=N j[$11—§ > Stiadbaal, ©)
with
Srj4a= / Gri(OYaa(r)dr—5145;, )

and

N;=[1 —XA: > (Sir 402102 (10)

We shall now briefly comment on the convergence
questions arising out of expanding the right-hand side
of Eq. (5). As has been assumed earlier, no excited
states of host atoms are admixed; the ground-state
overlaps being small, the convergence criterion is met
and the use of Eq. (7) is valid. If the symmetric orthog-
onalization technique were to be used for excited
states, then because of the diffuse nature of the excited
states, the overlap integrals would be so large that the
convergence criterion would usually not be met.!3
Gold! suggested that this difficulty can be avoided by
the use of the Schmidt procedure for writing corrected
excited-state wave functions. The convergence difficul-
ties are modified and alleviated by this approach, but
they are not entirely eliminated. That is, in using Eq.
(8) for constructing the excited-state wave function, we
might find that the overlaps (of the excited-state wave
function with neighboring charge clouds) are sufficiently
large that >4 24 (S1;,44)? approaches or even exceeds
unity. [For ns-n’s overlap, if S were equal to (0.25/3)1/2
=0.289, the lattice sum for an fcc lattice would equal
unity; for np-n’s overlap, S would have to be 0.5 for the
lattice sum to be equal to unity.] If overlaps were large
enough to create this problem (that is to make the nor-
malization constant approach infinity), one would not
be justified in assuming a tight-binding picture for that
state. However, overlap of this state with second neigh-
bors may be small. In such cases, a cluster comprising
the central (impurity) atom and all nearest neighbors
should be treated exactly, as one unit. The wave func-
tion of this pseudomolecule should then be Schmidt-
orthogonalized to the rest of the atoms of the crystal,
symmetrically orthonormalized as before. We do not
encounter this difficulty with systems treated here.

Using the orthogonalized wave functions (2), (7), and
(8), we now write the crystal wave functions in the ab-
sence of all external fields as

V= Yri(rri,or)[ [ [1 Yau(tan,04a), Adaz=li (11)
A4 a
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and
V= Qri(rr,00)[ ] 11 ¥aa(taa,040), AaIj (12)
A a

for the ground and excited states, respectively. Aa7~17
excludes the function for which A=17 and ¢=1. Thus, in
Egs. (11) and (12), Aa runs over all occupied host elec-
tronic states and over all impurity electronic states ex-
cept the one which is involved in the transition. @ is
the usual antisymmetrization operator and r and ¢ are
the usual space and spin coordinates.

In writing Egs. (11) and (12) it has been implicitly
assumed that the “core” electronic wave functions for
the impurity atom are the same for both ground and
excited states. For the hydrogen atom, of course, there
are no core electrons; but for lithium there are two 1s
electrons. Core electrons are usually very tightly bound
and their wave functions are almost parallel (in func-
tion space) in the ground and excited states.

From Egs. (6) and (7) we can immediately see that
all Y4, form an orthonormal set, to order S%. Similarly,
the impurity wave functions ¥r; and ¥r; are orthogonal
to each other and to the core electronic wave functions
to a certain approximation. That is, ¢7; and ¥r; would be
exactly orthogonal to each other if the lattice sum
>4 26 Sri,4a81i,4« Were to vanish. This sum does
vanish for a cubic lattice if the ground state is an S state
and the excited state is a P state. This being the case in
this work, the ground- and excited-state wave functions
¥r; and Yr; are exactly orthogonal; similar comments
apply to orthogonality of the core electronic states to
the excited states (and also to the ground state). Core
electrons are, however, quite tightly bound and do not
overlap with neighbors appreciably. The overlap inte-
grals are very small, leading to a negligibly small non-
orthogonality of the core electronic states to the valence
electronic states. We shall regard these states as exactly
orthogonal to each other.

3. Energy Parameters

The total energy of the crystal is given by the expec-
tation value of the Hamiltonian. For the ground state,
the crystal energy is given by

(13)

Here dr denotes integration over all space and summa-
tion over all spin variables. The asterisk denotes com-
plex conjugation. Substituting from Egs. (1) and (11),
we obtain

E=EN+XA: 2 (Ae|H|A0)+X (Ii|H| 1Y)
+1 ZAZ ZBEI, [(4aBb|g| AaBb)—(AaBb|g| BbAa)]

a
Aa#Bb

+3 2 X [l g| 1il ) — (Il §| g | I5T7) ]

E=/.‘I/*H0‘I/d1'.

+> EJZ [(dali] g| Aali)—(Aali|g| Iida)]. (14)
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Here Ey is the total nuclear repulsion energy, that is,

the sum of the expectation values of the second and
third term in Eq. (1). H is defined to be

. 72 "y z462 zre?
H=——V2— -
o2m 4 |r—Ra| [r—Ry|’

(15)

and g is the operator ¢?/|r;—r,|. Here the matrix ele-
ments in parentheses are to be evaluated using the
orthogonalized wave functions ¢, that is,

(Aa]HlAa)=f¢Aa*(r)H¢Aa(r)dr

and

(AaBbg| AaBb) = f Yo (e (e)

X—e—l1//,1a(r1)\//3b(r2)dr1drg . (16)

!rl—'l’z

We now wish to express the elements in Eq. (14) in terms
of the atomic wave functions. The details are presented
elsewhere.?® Since no host excited states are allowed and
since core electronic states are the same for both ground
and excited states, some labor can be saved by writing
all such elements, which cancel out when a difference is
taken of the ground- and excited-state crystal energies,
collectively as Ey, that is,

Ey=Ex+E T (ol H|A0)+ 3 (14| H| 18

+3 X XX X [(4aBb|g|AaBb)—(AaBb|g| BbAa)]

4 Aaa;éBBb b
+5 2 X [(kIl| g|TRID) —(TkI1| g| IlTE)]
k1
B 15
-I—kz.éj > [([IkAa|g|ITkAa)—(IkAa|g| Aalk)]. (17)

Hence the ground-state crystal energy can be written as
E=E+(Ii| H| I1)
+>° [(Iilk|g| Iilk)—(Iilk| g| IkI5)]
ki

+X> X [(lida|g|Iida)—(Tida|g| Aal?)]. (18)
A a
Similarly, for the excited state the crystal energy is
E=Ev+(Ij|H|Ij)
+3 [ZjIk|g|TjIk)—(IjIk| g IRI})]

k#=j

L X [(IjdalglIjda)—TjAalglAalf)]. (19)

The elements in Egs. (18) and (19) can be expressed in
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terms of atomic wave functions. Using atomic Hartree-
Fock equations, the ground-state crystal energy can be
written as

E=Ey+ Ey+ Ec+ Ees+ Er+ Eg, (20)
with
Eat=1vi2[En—'Z Z (SIi.Aa)ZEAa] ) (213')
A a
EC=ZV,'2[<IH Cllli>
+2 2 (Sti,a0)X4a| CT44-Cr| 4a)],  (21b)
A a
Ex=—N2Y (IiAalg[AaIi), (21¢)
Aa
Er=—2N23% % Sri,ad{li|CTA+Cri| Aa)
A a
+N2 X 22 (Stn,aa)[(Lilk| g| Iilk)
k%1 A a
—<Ii[k|g][kli):], (21d)
Es=N23Y Ni22 3 (Stha0)Xlidalg|Iida)
k1 A a
—21\’7,;2 Z AN]C2 Z Z SIkA,,<I1,Ik l gi Iz/la)
i A a
+NEE 2 23 (Saam)Xlidalg| Iida)
A a B b
—NEY Y S S Saam(lida|g| IiBb). (21e)
A a B b
Here we have used the notation
2
Ca=2 (dalg|Aa)— » (22a)
¢ [r—Ry4|
Cri= X Cu, (22)
M5I,J .-
i zre?
Cri=Y, (Ik[gllk)—— (22¢)

k=i

lt=R;|

In Egs. (21) and (22) the matrix elements are evaluated
using atomic wave functions ¢, that is,

(dalglda)
/ )i~ (230)
= [ daa t baa(r))dr’ ,
™ =R
(4aBb| g AaBb)
&
=/¢Aa*(rl>¢Bb*(r2)
[1i—re
X¢Aa(r1)¢3b(r2)dr1dr2. (23b>

In Eq. (21a) Er; and Eg4, are the atomic Hartree-Fock
energies for the respective electronic states. C7 is simply
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the classical Coulomb potential at the 7th atom due to
all other atoms in the solid.

The excited-state crystal energy can be similarly cal-
culated. The total energy is given by

E=FEyt- Byt EntEot+-Ert+Es. (24)

All quantities in Eq. (24) are defined by equations simi-
lar to those for corresponding ground-state quantities
and can be obtained from Egs. (21) and (22) by the
transcription

Ii— i j
and (25)
N;— N je

The excitation energy for the ground — excited-state
transition of the impurity atom is given by E—E plus
corrections arising out of the van der Waals energy
differences for the ground and excited states and other
higher-order corrections, and can be written as

AE=AEy+AE¢+AEx+AEr+-AEs+AEqsq.  (26)

The contributions to AE are seen to have simple physical
meaning. AE, is the atomic excitation energy plus cor-
rections (due to overlap) involving the atomic Hartree-
Fock energies for the host atoms. AE¢ is the change in
Coulomb-overlap energy. AE is the contribution from
the exchange energy terms. AEy and AEg are correction
terms due to nonzero overlaps. AEqq is the contribu-
tion due to van der Waals energy differences between
the ground and excited states.

For the computation of AE; 4 we follow the approach
due to Buckingham,? where the small effects of non-
zero overlaps are neglected. This contribution AEqg.4 to
the total excitation energy A is small, and hence the
over-all error in AE from neglect of overlap in AE,; g4 is
insignificant. We use the formula

C 4 [(R?) 4: PL(R*)5;]? Er+En
Im =

. (R*) 45+ (R?) ;s 2
with

Q 4:i Bj
(R as=(Ai| | Ai) =3 3 (Aixu[ A7)

J#L p=z,y,2

, (@7

(28)

Here the summation over g runs over the Cartesian
coordinates x, y, and z measured from the nucleus of
atom A. The sum over 7 and j run over all occupied
electronic states. The / and m refer to the “configura-
tion” of the atoms A and B, respectively. The van der
Waals energy between the atoms 4 and B is given by
—Cim/Rag®. This is summed over all neighbors in the
crystal. (Z£4-E,)/2 is a mean excitation energy.

4. Oscillator Strength
The oscillator strength tensor f;;/ is defined as

2m0

P (ilp] 7)7lpm| 1) (29)

38R, A. Buckingham, Proc. Roy. Soc. (London) A160, 94
(1937); A160, 113 (1937).

fijlm —
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Here E;; is the excitation energy between states char-
acterized by quantum numbers ¢ and j; (i|p; j) is the
transition matrix element of the I component of operator
o between the initial and final states; /, 7z, and 7 are
unit vectors along the Cartesian axes; the vector opera-
tor g is defined to be the sum of all electronic coordi-
nates. For an s — p transition in a cubic lattice (or for
a free atom), the tensor reduces to a scalar and we have

2m

o 1
e [(ilp:] 712

fu= (30)

Overlap effects change the value of the oscillator
strength from the free-atom value, both in the excita-
tion energy Eq (treated above) and in the transition
matrix element:

M=/q/*pz\PdT. (31)

Rewriting the crystal wave functions ¥ and ¥ in terms
of the atomic Hartree-Fock functions ¢ and simplifying
within the S? approximation, we obtain

A’?’i OES \lev][(T]]ZI ]Z>—Z Z SI]',A(L<~1 a
A a

o
Z

1)
"% > Sriad{dalz|I5)

+¥ Y ¥ Sri,40515,48(Aal 5] Ab)

A a b¥Fa

+3 % StiaaSriaaRra cosOra].  (32)
A a

Here Rrg4 is the distance of the Ath host atom from the
impurity atom, which will be taken as the origin of the
coordinate system. @z, is the angle between the Z axis
and the vector pointing toward the site of the Ath atom
from the origin, and

@Mm=fmmwmmn (33)

The first term within the square bracket in Eq. (32) is
the free-atom dipole matrix element between the initial
and final states. The second term involves the overlap
of the excited state of the impurity atom with the host
neighbors and the two-center dipole matrix element
connecting the ground state of the impurity atom with
the host neighbors. The third term describes the contri-
bution from the overlap of the ground state of the im-
purity atom with the medium and the two-center matrix
element connecting the excited state of the impurity
atom with the host neighbors. The fourth and fifth
terms describe the contributions from the dipole matrix
elements (and orthonormality) on the host neighbors,
coupled by an impurity atom ground-state and an
excited-state overlap. Contributions involving host-
host overlaps arise only in third order (in .S). Since we
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retain terms up to second order only, these do not ap-
pear in the expression for the transition matrix element.

Corrections to the dipole matrix element [second to
fifth terms in square bracket in Eq. (32)] tend to de-
crease their values. The normalization factors N; and N;
are always greater than unity and act to increase the
values of the dipole matrix elements.

It should be emphasized here that the third, fourth,
and fifth terms involve overlap of the ground state of
the impurity atom with the host atoms. These overlaps
may be small (so that the ground-state normalization
factor N; does not differ from unity appreciably), but
they lead to contributions which are comparable to or
larger (see below) than those coming from the second
term, which would be the only correction term if the
excited-state impurity atom function were orthogonal-
ized to the host atoms. Since both ground- and excited-
state wave functions of the impurity atom appear im-
plicitly in each term, it is essential to orthogonalize the
ground-state wave function of the impurity atom, as
well as that of the excited state, to the neighbors. In
contrast, note that for calculations of energy differences,
the ground-state overlaps might well be neglected with
no appreciable error. This is an important difference,
and serves to emphasize the assertion that oscillator
strength calculations are more sensitive to wave func-
tions than are energies.

5. Polarizability

For convenience in this section, a host crystal of N —1
host atoms at their normal sites and a single vacancy
will be called a vacancy crystal; one containing N —1
host atoms and an impurity atom will be called an im-
purity crystal. We shall adopt a variational approach.
Crystal wave functions for the vacancy and the impur-
ity crystals in the presence of an external electric field
& are constructed from the orthogonalized one-electron
wave functions. We shall use two variational param-
eters. One parameter describes the effect of the medium
and the other describes effects due to interactions be-
tween the impurity atom and the host solid. Ideally,
one should like to include as many variational param-
eters for the impurity atoms as the number of occupied
shells of the impurity atom, because all electronic states
of the impurity atom have different interactions (for
example, overlap) with the host atoms. However, such
an approach does not seem computationally feasible
when overlap effects are taken into account, and we use
only one parameter to describe the impurity-host inter-
actions. We should not expect the one-parameter for-
malism to yield an accurate value even for the polari-
zability of a free atom. However, the ckange in the
value of polarizability of the impurity atom, from the
free-atom value, due to the host-impurity interactions
would be an important quantity. The formalism would
also give the polarizability of a host atom in the pure-
host solid and also that of a free-host atom. Again

these quantities are not expected to be accurate, and
only the change in the value of polarizability is expected
to be significant.

We define the crystal wave functions for the vacancy
and impurity crystals, respectively, as

v,0= @ﬂ)H H Vaa(rae,044) (34)
A#I a
and
V=@ [I ¢ri(tri,or) [T 1] ¥aa(taa,04a), (35)
7 A#I a

in the absence of an externally applied electric field
(indicated by the superscript 0). Here &, and @ are
the proper antisymmetrization operators. A1 dis-
allows the occupation of the vacant site at the origin by
a host atom; the impurity atom goes in substitutionally
at this site in the impurity crystal. We denote the
crystal Hamiltonians for the vacancy and the impurity
crystals by H, and H, respectively, in the absence of
an external field. When an external electric field & is
applied along the Z direction of the crystal frame of
reference, there is an accompanying change in the
potential energy. The perturbation Hamiltonian for
the vacancy crystal is

n=—e§ 2. 3 (24a—7Z4),

AT a

(36)

and that for the impurity crystal is

’[)1“*“7)2:—3&;[2 (Z”_ZO—’_,E[Z (ZAa_ZA>]' (37)

9y is the perturbation Hamiltonian for the impurity
atom only. Due to these perturbations, the crystal wave
functions are expected to change from their unper-
turbed (zero field) values. Following the variational
approach, we write the crystal wave functions as

‘I/WZ\I’,,O(1+)\17)1) (38)
and

W=V (14 Nw1+Napo) (39)

for the vacancy and impurity crystals, respectively. Ay
and A, are the two variational parameters and must be
determined in a consistent manner. A\; describes the
changes in the vacancy crystal wave function due to the
external field (assumed uniform over the extent of the
crystal), and A, describes the changes in the impurity
crystal wave function due to changes at the impurity
site when the electric field is turned on. A\; and \, are
determined by minimizing the expectation values of
H,+v; in state ¥, and of H;+v;+72; in state ¥y, re-
spectively. Let E, denote the energy of the vacancy
crystal

Ey= (V| (Hy+0,) | W,)/ (¥, | ¥,).

Here, we use the notation

(40)

(| Hyoy | W,y = / U (H o) Wodr.  (41)
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Substituting for ¥,, we obtain

I (F,0| (14N on) (H o 4v1) (14-A21) | T,0)

42)
(O, (14N 1) (14-M o) | 1,0)

Using the fact that v; is an odd operator and H is an
even operator, some terms in Eq. (42) are seen to vanish,
and we obtain

R e ) 3)
’ (W0 14N 0,0 '

The parameter A; is now determined by minimizing E,
with respect to A;. After dropping terms proportional to
&* (which lead to nonlinear polarizability), we obtain

(w,° l 7’12{ v,
(W0 v1H yo1| ¥,°0) — (T, l Hvl ‘I’u°><‘1’o°l '”12I v,°) .
(44)

The denominator can be simplified by using the fact
that v; commutes with everything in H, except the ki-
netic energy terms, and we obtain

(¥, 02| ¥,°)

, (45)
(1) 2m)(¥,°| EI 3 (Vaar1)?| ¥,0)4-A
with
A= (V7,0 v2H 02 | W,0)
— (W0 |02 [ W00 (W0 | H, [ W,0).  (46)

The quantity A as defined by Eq. (46) would vanish if
¥,° were an exact eigenfunction of the Hamiltonian H,.
Since ¥,° is only an approximate eigenfunction of H,,
because of electron-electron correlations, A is not iden-
tically zero, but is expected to be very small. In our cal-
culations we shall set A=0. More will be said about this
approximation in Sec. IV. The denominator of Eq. (45)
can be simplified by the use of Eq. (36), and A1 is found
to be

2m{¥ 0| 02| ¥ ,0)
BN —1)Z 46287

(47)

The parameter \; is determined in a similar manner.
When an impurity atom is introduced at the vacant site,
the crystal energy is changed. Since A, describes the
effect of such changes, we determine A, by requiring
that the total energy of the impurity crystal be a mini-
mum with respect to A (with A\; as determined earlier).
Hence, we set equal to zero the partial derivative with
respect to A, of the expectation value of Hr+v+2, in
state ¥7. Again we neglect terms proportional to &*
since we are interested in the linear polarizability only.
After considerable simplifications we may write A, in

the form

Ao= —[2(¥°| v3(v1+v5) | ¥1°)
FM(¥ 10| v1H rve+v.H o1 | ¥1°)
—2Q¥1° | H | W) (¥, 1| 1)) ]
X (2(¥1°| voH v, ¥1°)

—2(U 0| H | WO (¥ 02| Wr0)1.  (48)

Again, the numerator and the denominator can be
simplified by using the fact that v; and v, commute with
everything in Hj except the kinetic energy operators,
and A; can be written as

2(% | va(v14-v2) | T 10) N1y
No= , )
(72/m)(¥°| Z (V1:v2)?| W10 44y

with

Ay= (T 0| vyv,H | ¥;)
— (W[ 039y [ WO (WL | H | W% (50)
and

A2= <‘I’10’H17)22 ] ‘I’[O)

—(UO [ H [ )10 02? | 1°).  (51)
As in the case of A above, A; and A, do not vanish, and
contribute to A\, formally. However, both A; and A,
depend on four-electron operators, and we neglect them
as in the case of A above. The expression for A, can be
simplified by using Eq. (37), and X; is found to be

_2m<‘1’1(’l 92(v1+22) | ;)

hzre*8?

9=

(52)

We now calculate the crystal dipole moments for the
vacancy and impurity crystals. The total dipole moment
of the vacancy crystal is given by

Po=¢(¥,| X 3 (raa—Ra)| W),

A#I a

(53)

When an impurity atom is residing at the previously
vacant site, its charges are displaced by the applied
electric field. The total dipole moment of the impurity
crystal is

Pr=e{¥:|2 (rn—RIH-El 2 (raa—Ra)|[¥r). (54)

The change in the total dipole moment of the crystal
due to introduction of the impurity atom is Pr— P, and
points in the direction of &, the applied electric field.
The ratio of Pr—P, and &, a scalar in this case, is the
polarizability of the impurity atom in the crystal,

ar=(|P1=P,])/| &].

From Egs. (53) and (54) and the definitions of the
crystal wave functions in terms of the atomic functions.

(55)
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Pr and P, can be expressed in terms of simple one-
electron quantities and correction terms involving over-
lap integrals and multicenter matrix elements. After
considerable simplification, a; is obtained in terms of
dimensionless quantities ui, u2, and B:

ar=4[us*/Z1—(u1/Z 1) (us—8) Jac®, (56)

with

pr=(N—=1)"K¥,°| [%ﬂz (Faa—Z) |2,  (57a)
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pe= (7| Z (zri—Z1)[(zr:i—Z1)
+ 2 2 (aa—2Z4) ]| V1Y),

A#I a

B=(¥|[X Geri—Zn)+ E: Y (Gaa—Za) | W10
—(2°| [EI Y (aa—Za) 2| W0, (57c)

(57b)

Detailed expressions for u1, us, and u;—@3 in terms of the
atomic functions ¢ are presented below:

m=3 (Aol 22| de)~ 5 T (40| Z| 4B} —5 £ 3 S10.50(Bb 2 40) == T F (dals| By

b#a

B
B#A

+> % 2:, > Saa.sSes,ac{dc|22|Aa)+4 % Zb: > Sac.n{dal|z| Ac){Aa|z| Bb)

+Z Z Z SAa,Bb<Aalz|Bb>RAB COS@AB—-Z Z z Z Z Z SAc,BbSBb_Ad(Aa[ZIAd><Aalz] Ac>

b

—Z % Zb: Z zd: SAG,B,;SBb,Ad(Aalz[Ad)(BC[Z[Bb)

= 32 Y SaasSsoac{dc|z| Aa)Rap cosO ap,
a B b ¢

c

(58a)

/.Lzzz Nﬂ[(li[zzlli)——g. Tilz]15)2—2 %: > Striaa{da|z?| I1)

—% Z <I’I:]Z‘Aa>2+§ Z % SAa,I,-SAb,u(Aa]z“’]Ab)—XA: Z % Z SI,',AbSn,Ac<Aa{ZIAb)(AalZlAC)

+2 % Z Z SI,,Ab(Ab[zIAa)(Aa[z]hH—Z ZA Z Su,Aa<IilZ|Ad>R1‘A COS@]A],

and

(58b)

p.g—B=Z Nﬁ[g > (Iilz]Aa)LI-% > Zb > SrianStiac{dalz] Ab)(Aa|z| Ac)

-f—Z Z (SIi,Aa)2-RIA2 C052®IA~'2 § Z Zb Su,Ab<AbIZIA(L><I’L.IZIAa>

—2 Z Z Su'Aa<I7:!ZIAa>R[A COS®14+2 Z Z Z S”,AWSH,Ab<Ad|Z!Aa>RIA COS@[A]. (58C)
4 a A a b

The sums over 7 and 7 run over all occupied electronic
states of the impurity atom, NV; is the normalization
constant [as defined by Eq. (4)] for the state 7; sums
over 4 and B run over all host atoms in the crystal, and
sums over &, b, ¢, and d run over all occupied electronic
states of the host atoms. R 45 is the distance between two
host atoms 4 and B; and @ 45 is the angle between vec-
tors RA and RB.

The first two terms in the expression for u; are single-
center (atomic) terms and will be defined as u,% that is,

pmO=22 [(AGIZ“’IA@—;Z (da|Z]4b)*].  (59)

w1’ is related to the polarizability of a free-host atom by
the relation
as’=(4/Z4)(u1")?ac’. (60)

w1 is related to the polarizability of a host atom in the

pure solid by
as=(4/Z4)(p1)ac®.

Similarly, the first two terms in (58b) are atomic terms.
We define

= [(F| | 1) =5 (Fils 17)7].

(61)

(62)

ue® can be used to evaluate the polarizability of a free
impurity atom by using

ar’=(4/Z1)(u2")*ao®.

Egs. (60) and (62) can be easily derived for a free atom
by the use of the variational technique using only one
parameter. Similarly, Eq. (61) can be derived for the
polarizability of an atom in the pure solid. In our case,
they are obtained simply as limiting cases.

(63)
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F16. 1. Variation of some Ar-H overlap integrals
with interatomic separation.

We shall now say a few words about the calculation
of the polarizability of a free atom. Above we have
presented a one-parameter formalism. This procedure
is not expected to give good results, because the inner-
shell electrons are not influenced by the external field
as much as the outer-shell electrons, as a result of the
effective shielding. If one uses a different variational
parameter for each shell, one finds the polarizability of
the free atom to be given by?®

ar’ (XN =4 2 [(i]Zi’]i)—é GlZ]j)Tas®. (64)

It is generally true in applications of the variational
method with a given form for the perturbed wave func-
tion that, as more parameters are introduced, the cal-
culated energy approaches the exact value as a lower
limit. The energy of polarization being negative, we
should expect the magnitude of the calculated polariza-
bility to increase as the number of variational param-
eters is increased. Thus Eq. (64) is expected to give a
higher value for the free-atom polarizability than that

Tasre I. Variation of hydrogen-argon overlap integrals with
the interatomic separation R. The interatomic axis is taken as the
Z axis. R is measured in units of @o. In {¢1|¢2) for two-center
integrals the function ¢ is at the origin and the function ¢ is
centered at R.

R 7.08 7.07 7.10 7.15
(H1s|Ar3s) 0.0093 0.0091 0.0089 0.0085
(H1s|Ar3p.) 0.0233 0.0230 0.0224 0.0216
(H2p.| Ar3s) 0.1882 0.1871 0.1851 0.1824
(H2p.|Ar3p.) 0.1202 0.1198 0.1192 0.1181

BHARGAVA AND D. L.

DEXTER 1

TasirE II. Contributions from successive terms in the infinite
series for two argon-hydrogen exchange integrals. All numbers are
given in units of 27.21 eV. Argon functions are at the origin and
the hydrogen 2p, function is centered at R="7.10a, along the Z
axis.

I= 0 1 2 3
(Ar3s H2p:|g| H2p: Ar3s) 0.014574 0.000490 0.000018 0.000001
(Ar3p. H2p.|g|H2p: Ar3p:) 0.008966 0.001580 0.000098  0.000002

obtained by using (59) and (60), leading to better
agreement. However, such a calculation does not seem
computationally feasible for an atom in a solid.

IV. NUMERICAL RESULTS AND DISCUSSION
1. General Remarks on Computations

Nearest-neighbor separations for solid argon and
neon were taken to be 7.10a, and 5.96a,, respec-
tively. Accurate self-consistent Hartree-Fock wave
functions®—*! for argon, neon, and lithium were avail-
able in analytic form. All overlap integrals, two-center
matrix elements, and atomic matrix elements were
evaluated using a program written for the University
of Rochester Computing Center IBM 360-50 computer.
All Coulomb and exchange integrals were evaluated
numerically using two programs ALpHA and pickt (double
integral Coulomb and exchange). All input functions
were in an analytical form. For numerical evaluation,
a uniform interval of 0.01¢, was chosen and all integrals
were evaluated between »= 0.0 and 20.0ao. This range
was large enough to include all nonzero contributions,
and the interval (0.01¢,) was small enough to keep all
errors arising from approximations inherent in the use
of Simpson’s rule to a minimum. As a check on accuracy,
we computed several integrals first with one center at
the origin and the other at a distance R, and then by
exchanging the positions. For all overlap integrals and

TasLE III. Contributions from various shells of neighbors to
the excitation energy in eV for the 1s — 2p transition of a substitu-
tional hydrogen-atom impurity in solid argon. The last column
shows the variation of the excitation energy as successive terms
are added. The last row shows contributions to AE'=AE¢+AFex
+AEr from successive shells. Free-atom excitation energy is
10.204 eV.

Cumula-
1st 2nd 3rd Distant tive
nbrs nbrs nbrs nbrs Total total
AL, 20.533
AE¢ —4314 —-0.237 —-0.155 —4.706 15.827
AEex  —7.001 —0.458 —0.316 —7.775  8.052
AEp 2.730 0.141 0.083 2.954 11.006
AEq-q —0.386 10.620
AEg 0.030 10.650
AE’ —8.585 —0.554 —0.388 —0.048 —9.575 10.602

39 P. S. Bagus, Argonne National Laboratory Report No. ANL-
6959, 1964 (unpublished).

40 P, S. Bagus, Phys. Rev. 139, A619 (1965).

41 A, W. Weiss, Astrophys. J. 138, 1262 (1963).
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TasLeE IV. Contributions from various shells of neighbors to
the excitation energy in eV for the 1s — 2 transition of a substitu-
tional hydrogen impurity in solid neon. The last column shows
the variation of the excitation energy as successive terms are
added. The last row shows contributions to AE'=AE¢+AFex
+AEr from successive shells. Free-atom excitation energy is
10.204 eV.

Cumula-

1st 2nd 3rd Distant tive

nbrs nbrs nbrs nbrs Total  total
AEa 18.862
AL¢ —2.878 —0.247 —0.220 —3.345 15.517
ALex —5.121 —0.496 —0.470 —06.087 9.430
AEp 1.500 0.112 0.088 1.700 11.130
AEg.q —0.150 10.980
AEg 0.020 11.000
AE’ —6.499 —0.631 —0.602 —0.112 —7.844 10.888

two-center matrix elements, agreement was obtained to
at least the seventh significant figure. Thus no meaning-
ful errors were introduced in these computations. For
the Coulomb and exchange integrals, the agreement was
to the fourth significant figure for the larger (and domi-
nant) integrals and to the third place for the smaller
integrals.

As stated earlier, the atomic positions chosen here
are those of the pure host crystals. This is not expected
to lead to significant error, since the relaxation magni-
tudes for nearest-neighbor host atoms around vacancies
in solid argon were computed to be quite small,* and
further since overlap integrals do not vary appreciably
for such small changes in the interatomic separations.
This is shown in Table I and Fig. 1.

All two-center exchange integrals are given by infinite
series. Each term involves a given a function (a functions
are coefficients in the expansion of an atomic orbital,
localized at R, around the origin in terms of spherical
harmonics ¥;™) for certain / and contributes to the ex-
change integral, at least formally. In actual practice it
was found that the first few terms (three or four begin-
ning with /=0) give all of the significant contributions.
For these computations the impurity functions were
localized at a distance R from the origin and their «

TasBLE V. Contributions from various shells of neighbors to the
excitation energy for the 2s — 2p transition of a substitutional
lithium impurity in solid argon. The last column shows the varia-
tion of the excitation energy as successive terms are added. The
last row shows contributions to AE’' = AE¢—+AEex+AEr from suc-
cessive shells. Free-atom excitation energy is 1.848 eV.
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F16. 2. The contributions, per atom, to AE'=AEex+ALr+ALe
from successive shells of neighbors. The ordinate shows AL’ in eV.
Values of neon host have been multiplied by 0.10 before plotting.
The abscissa shows the radii of successive shells R in units of the

nearest-neighbor separation a. The successive radii in units of a,
are 1.0, V2, V3, 2, and /5.

functions computed using the program arLpHA. The host-
atomic functions were kept at the origin and the ex-
change integrals were evaluated using pice. This was
done because for this choice the convergence of the in-
finite series was very good and the first three or four
terms gave all the significant contributions. This is
shown in Table II for two typical exchange integrals.
When the centers were interchanged (that is, a functions
of the host-atomic function calculated and the exchange
integral evaluated with the impurity function localized
at the origin) the convergence was poor. This was to be
expected since the hydrogen (and lithium) 2p function
has a long tail.

TasLE VI. Contributions from various shells of neighbors to the
excitation energy in eV for the 25 — 2 transition of a substitu-
tional lithium-atom impurity in solid neon. The last column shows
the variation of the excitation energy as successive terms are
added. The last row shows contributions to AE'=AE¢+AEex
il—SALéET Vfrom successive shells. Free-atom excitation energy is

.848 eV.

Cumula- Cumula-
1st 2nd 3rd Distant tive 1st 2nd 3rd Distant tive

nbrs nbrs nbrs nbrs Total total nbrs nbrs nbrs nbrs Total total
AE, 6.478 AE, 4.774
AE¢ —1.699 —0.150 —0.105 —1.954 4.524 AE¢ —0.769 —0.141 —0.149 —1.059 3.715
AE  —3.317 —0.306 —0.227 —3.850 0.674 AEex  —2.019 —0.310 —0.332 —2.661 1.054
AEy 0.679 0.080 0.056 0.815 1.489 AEp 0.224 0.052 0.055 0.331 1.385
AEg.q 0.361 1.850 AEg-q 0.159 1.544
AEg 0.050 1.900 AEg 0.040 1.584
AE’ —4.337 —0.376 —0.276 —0.037 —5.026 1.863 AE' —2.564 —0.399 —0.426 —0.074 —3.463 1.510
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Tasre VII. Some typical Ar:H overlap integrals and two-
center matrix elements. The ¢ is taken to be 7.10a0. The inter-
atomic axis is taken as the z axis.

a V2a V3a
(H1s| Ar3s) 0.0089 0.0005 0.0001
(H1s|Ar2p.) —0.0003 —0.0000 —0.0000
(H1s|Ar3p.) 0.0224 0.0019 0.0002
(H2p,| Ar3s) 0.1853 0.0659 0.0271
(H2p.|Ar2p,) —0.0043 —0.0016 —0.0007
(H2p.|Ar3p.) 0.1192 0.0551 0.0252
(H2p.|Ar2p.) 0.0017 0.0004 0.0001
(H2p. | Ar3p.) —0.0569 —0.0151 —0.0052
(H1s|Z | Ar3s) 0.0447 0.0042 0.0006
(H1s|Z|Ar2p.) —0.0018 —0.0002 —0.0000
(H1s|Z|Ar3p.) 0.0736 0.0099 0.0017
(H1s|x| Ar3p.) —0.0154 —0.0013 —0.0002
(H2p,|Z| Ar3s) 1.2032 0.6119 0.3117
(H2p.|Z|Ar2p.) —0.0183 —0.0119 —0.0065
(H2p.|Z| Ar3p.) 0.4031 0.3537 0.2183
(H2p,|Z | Ar3s) 0.0516 0.0132 0.0045
(H2p,| x| Ar3p.) 0.0686 0.0213 0.0079

2. Energy Parameters

All energy parameters Eu, E¢, Eex, Er, Eg, and Eq.q
for both the ground and excited states were evaluated
following standard techniques for performing lattice
sums. All lattice sums were generally carried through to
third neighbors and through all occupied states on each
atom. This is necessary since contributions from the
second and third shells of neighbors are not negligible,
and separately they are comparable because there are
four times as many (24) third neighbors as second neigh-
bors. The fourth and the fifth shells have 12 atoms each
and, since the contribution per atom (obtained by di-
viding the total contribution from a shell by the number
of atoms in the shell) falls off nearly exponentially, these
contributions are expected to be small. The per-atom
contributions to AE/(=AEc¢+AEx+AEr) from the
first three shells of neighbors were plotted against the
radius of the shell. The variation is almost exponential
as shown in Fig. 2. (The numbers for Ne: impurity sys-
tems have been multiplied by 0.1 before plotting.) This
variation is used to estimate the contributions from the
fourth and the fifth shells of neighbors.

Tables ITI-VI summarize the results of computations
for the excitation energies. The columns labeled #th
nbrs show contributions from entire shells of #th neigh-
bors. The columns labeled distant nbrs show the esti-
mated contribution from the fourth and fifth neighbors.
It is seen that these contributions are small. The fact
that the contributions fall off in an almost exponential
manner may be an indication of the validity of the tight-
binding model for the systems treated here. The column
labeled total shows total contribution to each term. The
last column shows the variation of excitation energy as
the successive terms are added. The last entry in this
column gives the computed excitation energy. Errors in

the predicted excitation energy are estimated to be
within about 29,

3. Oscillator Strength

The transition matrix element for an ¢ — j transition
is given by Eq. (32). All lattice sums were evaluated
using standard methods. The results confirmed the ex-
pectation that the ground state of the impurity atom
must be orthogonalized to the host-atomic functions.
The contributions involving overlap of the ground state
of the impurity atom are comparable to those involving
overlap of the excited state. We list some typical over-
lap integrals and two-center matrix elements for Ar:H
in Table VII.#2 In Table VIII we list the contributions
from the individual terms in Eq. (32); they are labeled
the 1st, 2nd, 3rd, 4th, and 5th terms as they appear in
Eq. (32). We also list the respective normalization con-
stants. In Table IX we list the excitation energies and
oscillator strengths for free atoms and for impurity
absorption in solids.

The effect of the medium on the hydrogen impurity
is to increase the oscillator strength for the 1s— 2p
transition by about 179, for the argon host solid and by
119, for neon as host solid. On the other hand, the oscil-
lator strengths for the 2s— 2p transition of lithium
atom impurity are lowered by about 109, in argon and
by about 239, in neon. The increase in oscillator
strength of the 1s— 2p transition of the hydrogen
impurity is caused by a blue-shifted excitation energy
and an increased matrix element. The Ar:Li system
shows a very small (~0.02 eV) blue-shift for the excita-
tion energy, and the decrease in oscillator strength
arises from a decreased transition matrix element. For
the Ne:Li system we predict a red-shifted excitation en-
ergy and a decreased matrix element leading to a de-
creased oscillator strength.

4. Polarizability

The lattice sums for ui, u2, and us—pB were evaluated
using standard methods. The results are summarized
in Table X. The polarizability of a hydrogen atom at a
substitutional site ar is lowered in argon by about 19,
and in neon by about 49, from the variational value of
ar®, 4.0a¢%, for the free hydrogen atom. (The exact
value is 4.5¢¢%.) Using the one-variational-parameter
formalism, we obtain the polarizability of a free lithium
atom as as’=S51.4a.%. The ground-state polarizability
of a lithium atom at a substitutional site in solid argon
and in solid neon is computed to be 44.2a,® and 18.0a?,
respectively. Thus the polarizability of a lithium atom
impurity at a substitutional site is lowered by 139, in
argon and by 65%, in neon. Application of the many-
parameter-variational formalism (one variational pa-

rameter for each shell of electrons in an atom) to the

2 All overlap integrals, two-center matrix elements, and
Coulomb and exchange integrals are presented in Ref. 36 in detail.
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TasLe VIIL Contributions from various terms to the transition matrix element. Numbers in column 3 (1st term) are the free-atom
matrix elements, those in columns 4-7 give additional contributions. Columns 1 and 2 give the ground- and excited-state normalization
constants. Numbers in the last column give the corrected transition matrix element. All numbers (except N; and N;) are in units of

ao. The sign preceding the term in Eq. (32) is not included here.

Matrix

System N; N; 1st term 2nd term 3rd term 4th term Sth term element
Ar:H 1.0035 1.1560 0.744936 0.098408 0.078151 —0.014982 0.126965 0.789301
Ar:Li 1.0941 1.1439 —2.377659 —0.649882 —0.636050 0.058878 —0.764395 —2.249386
Ne:H 1.0029 1.0875 0.744936 0.060797 0.057698 —0.006205 0.074969 0.758286
Ne:Li 1.0603 1.0826 —2.377659 —0.386718 —0.393841 0.018199 —0.430388 —2.306366

calculation of the polarizability of the free lithium atom
ar’(\;) gave 140.0a.. This should be compared with the
experimental*? value 148.5¢,%. This confirms the ex-
pectation that the polarizability would increase, and
approach the exact value, as the number of variational
parameters is increased.

Two approximations were made for these calculations.
First was the neglect of terms in quadratic and higher
powers of A\; and Xs. This is reasonable since such terms
would necessitate inclusion of terms involving &* and
hence would lead to nonlinear polarizability. The second
approximation concerned the terms A, Ay, and A,. These
were neglected completely. Each of these terms involves
two types of terms: the intra-atomic terms and the inter-
atomic terms. The intra-atomic terms will change the
value of polarizability which the theory yields for a free
atom. The interatomic terms contain four-electron
operator terms (two coming from 1/71, in the Hamil-
tonian and two coming from 22 terms). Since these terms
lead to only small additive corrections to the variational
parameters A\; and A in a good tight-binding system,
and since we are interested only in the magnitude of
the change of polarizability of the impurity atom from
the free-atom value, we feel that the neglect of A, Ay,
and A, is a sound approximation within the S? approxi-
mation. Keil* has discussed the implications regarding
such terms in his calculation of the polarizability of an
argon atom in solid argon. He concludes that such terms
lead to the effective field parameters.

This formalism also gives the polarizability of a free

Tasre IX. Excitation energies, oscillator strengths, and total
absorption cross sections. The quantities in columns 1 and 2 refer
to a free atom and those in columns 3 and 4 refer to an impurity
atom. Atomic excitation energy and oscillator strength for the
2s — 2p transition of a free lithium atom are taken from Ref.
41. Energies are in eV and 2 is in units of 1071% eV cm?

Free atom Impurity atom
Osc Osc
System Energy strength Energy strength z
Ar:H 10.204  0.4160 10.602  0.4855 0.5322
Ar:Li 1.848  0.7680 1.863  0.6928 0.7594
Ne:H 10.204  0.4160 10.888  0.4602 0.5045
Ne:Li 1.848  0.7680 1.510 0.5904  0.6472

host atom, a4’ (e.g., a free argon atom) and that of an
atom in a pure solid a4 (e.g., an argon atom in solid
argon). The polarizability of an argon atom is slightly
lowered by the medium (solid argon) from the free-
atom value. The computed decrease is about 0.3%,.
This is smaller than the 1.59, lowering predicted by
Smith and Pings* and the predicted*® decrease of about
1.39, for the Lorentz-Lorenz function. For a neon atom
in solid neon we compute a very slight decrease (about
0.29%,) from the free-atom value. Thus we predict a very
small dispersion in the Lorentz-Lorenz function of neon.

V. INTEGRATED ABSORPTION
CROSS SECTIONS

So far we have treated a static lattice near 0°K. This
allowed us to neglect the parameteric dependence of
the electronic wave functions on the nuclear coordinates,
and effects of line broadening were completely ignored.
In real systems, however, one observes substantial line
broadening. Here we are not concerned with the details
of the impurity absorption bands; we shall compute
only the zeroth moment (total absorption cross section)
associated with the absorption line caused by the transi-
tion from the ground state to a low-lying excited state
of the impurity atom.

The total (integrated) absorption cross section is
given by¥

2= / do-i(E)dE=

2m2eh 1 geff 2
< P > foj.  (65)

moC no(on)

TasLe X. The ground-state polarizabilities of free impurity
atoms ay?, of free host atoms a4’ of impurity atoms ez, and of
atoms in pure solids a4. All numbers except in the two columns on
the right are derived using the one-parameter formalism. The
numbers in column labeled a/®(Z\;) give the polarizability of a
free atom using one parameter for each occupied shell [see Eq.
(64)7]. The last column shows the experimental values for hydrogen
and lithium atoms. All numbers are in units of a¢. The experi-
mental value for lithijum is taken from Ref. 43.

a® ar yozA" as  a®(@M) ar(expt)
Ar:H 4.00 3.96 6.65 6.63 4.0 4.5
Ne:H 4.00 3.84 1.641 1.639 4.0 4.5
AriLi  51.40 44.18 6.65 6.63 140.0 148.5
Ne:Li 51.40 17.98 1.641 1.639 140.0 148.5

( ;‘ g C. Chamberlain and Z. C. Zorn, Phys. Rev. 129, 677
1963).
#T.H. Keil, J. Chem. Phys. 46, 4404 (1967).

4 B. L. Smith and C. J. Pings, J. Chem, Phys. 48, 2387 (1968).
46 R. M. Mazo, J. Am. Chem. Soc. 86, 3470 (1964).
41 D. L. Dexter, Phys. Rev. 101, 48 (1956).
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Here n(Ey;) is the real part of the refractive index of the
host solid at the energy of the transition, /& is the
effective field ratio, and fo; is the oscillator strength for
the ground —jth excited-state transition. oo.;(E) is the
differential cross section at energy E. This result was de-
rived by assuming that the dominant interactions of the
center with the host can be represented by an effective
field and that overlap and exchange effects can be neg-
lected. In this case, if the interactions are simply dipole-
dipole interactions, the effective field ratio /8 is
given by 1[#2(Eo,)+2].

For prediction of the total cross section, the refractive
index #(F,;) must be known at the transition energy.
Also the effective field ratio, if indeed it can be properly
defined, must be accurately known. However, no ex-
perimental data could be found for the refractive indices
of argon and neon solids at the computed transition en-
ergies of hydrogen, nor for lithium in neon. Hence for
purposes of listing a theoretical value for the integrated
absorption cross section ¥ in Table IX, we omit the
factors n(Eo;) and (8ct/8)?, replacing them by unity.

In principle, Eq. (65) provides a method for deter-
mining the effective field ratio. Zy.; can be determined
experimentally, as can the refractive index at the tran-
sition energy Eo;. The computed oscillator strength for
the 0 — 7 transition then allows a solution for &:/&.

VI. DISCUSSION

Numerical results confirmed the expectation that the
ground-state overlaps play an important role in a com-
putation of matrix elements; they are less important in
a calculation of the excitation energies. The computed
oscillator strength for the 1s— 2p transition of a sub-
stitutional hydrogen-atom impurity is increased by the
medium, while that for the 2s — 2p transition of the

L. DEXTER 1

lithium atom impurity is decreased. The computed
polarizability of the impurity atom in each case is
lowered by the medium. Since the oscillator strengths
and polarizabilities are related quantities, this suggests
a possible breakdown of the f-sum rule in condensed
systems.*8

Our predicted excitation energies agree well with the
experimental?’ values for the Ar:H and Ne:H systems
and also with the earlier'” calculation on the Ar:H sys-
tem. In the case of Ar:Li, our predicted excitation energy
agrees well with the position of the peak labeled ¢ by
Andrews and Pimental,3 who identify this peak with
absorption by a substitutional lithium atom impurity.
The Ne:Li system has not been studied experimentally.
We predict a red shift of 0.34 eV from the atomic
2s — 2p excitation energy.

In a one-electron approximation, the atomic radius
of a lithium atom is somewhat larger than that of a
neon atom. This may mean that our neglect of relaxation
effects in Ne:Li is unjustified. A substitutional lithium
atom impurity may push the nearest-neighbor neon
atoms out, leading to somewhat larger nearest-neighbor
separations, and hence to smaller overlaps, two-center
integrals, etc. Thus, relatively large predicted shifts for
the Ne:Li system may be partly due to our neglect of
the relaxation effects.
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